The comparison between the noncommutative length scale √ θ and the length variation δL = hL, detected in the GW detectors indicate that there is a strong possibility to detect the noncommutative structure of space in the GW detector set up. We therefore explore how the response of a bar detector gets affected due to the presence of noncommutative structure of space keeping terms upto second order in the gravitational wave perturbation (h) in the Hamiltonian. Interestingly, the second order term in h shows a transition between the ground state and one of the perturbed second excited states that was absent when the calculation was restricted only to first order in h.
I. INTRODUCTION
The existence of an uncertainty in the spatial coordinates 1,2 due to a sharp localization of events in space at the the quantum level is strongly supported by various gedanken experiments. The standard way to impose this uncertainty is to postulate the noncommutative (NC) Heisenberg algebra
where θ is the NC parameter and ǫ ij is an anti-symmetric tensor with ǫ 12 = 1. With this granular structure of space, NC quantum field theory (NCQFT) 3, 4 , NC quantum mechanics (NCQM) 5 -11 and NC gravity 12 -14 have been constructed. A part of the endeavor has also been spent in finding the order of magnitude of the NC parameter and exploring its connection with observations 15 -21 . Studies in NCQM suggest that the NC parameter associated with different particles may not be the same 19, 20 and this upperbound in length scale could be as high as √ θ ∼ 10 −20 m − 10 −17 m 21 . Length scales of this order appear in a completely different context. The direct detection of the gravitational waves (GWs) 22, 23 by the advanced LIGO detector 24 has opened a new window to observe variations in lengthscales that has never been probed before. Among the currently operating GW detectors 25 -30 (LIGO 31 , VIRGO 32 , GEO 33 and TAMA 34 ) where interferometric techniques are being used, one can detect a length-variation of the order of δL L ∼ 10 −23 . Interestingly, the upper bound on the spatial NC parameter also has a length scale of this order ( √ θ ≈ 10 −20 m). This motivates us to anticipate that a good possibility of detecting the NC structure of space would be in the GW detection experiments. It turns out that the response of a resonant bar detector to GW can be quantum mechanically described as GWharmonic oscillator (GW-HO) 35 interaction. To predict the possible presence of NC structure of space in GW detection scenarios we had studied various aspects of the GW-HO interaction in NCQM framework in 36 -42 . In these studies we have worked out the response of the system which indicates that the spatial noncommutativity introduces a characteristic shift in the frequency where the HO will resonate with the GW. In
42
we worked out the complete perturbative calculation including both the time independent and time dependent interacting Hamiltonian to obtain transition probabilities among the shifted energy levels for a generic GW wave-form upto first order in h. Here, we investigate how the transitions get affected due to second order terms in h. Interestingly, we observe that there is no contribution from the O(h 2 ) terms in the transition probabilities calculated earlier in 42 . It only gives rise to another transition between the ground state to one of the perturbed second exited states of the HO. This transition was absent at first order in h in our earlier study.
II. INTERACTION BETWEEN NC HO-GW
In a resonant bar detector the phonon mode excitations 35 interacting with the incoming GW, behave like a quantum mechanical forced HO. We therefore set out to analyse a quantum mechanical forced HO to explore the theory of interaction of GW with the resonant bar detector. Here we consider the effect of the GW to be constrained in the 2-D plane (taken in the x − y plane) perpendicular to the direction of propagation of the GW. To construct the theoretical framework of our model, we write the geodesic deviation equation for a 2-D HO of mass m and intrinsic frequency ̟ in a proper detector frame as
where
denotes the components of the curvature tensor in terms of the metric perturbation h µν as g µν = η µν + h µν ; |h µν | << 1 on the flat Minkowski background η µν .
It is to be noted that here the transverse-traceless (TT) gauge has been used to remove the unphysical degrees of freedom. The TT gauge choice gives only two physical degrees of freedom, namely, the × and + polarizations of the GW. A convenient form of h jk showing these polarizations reads
where 2f is the amplitude of the GW, σ 1 and σ 3 are the Pauli spin matrices, and the two possible polarization states of the GW, (ε × , ε + ) are restricted to follow the condition ε 2 × + ε 2 + = 1 for all t. The Lagrangian which leads to the geodesic deviation equation (2) is given by
This immediately leads to the Hamiltonian
In this paper we set out to find the signature of the spatial noncommutativity considering the effect of second order terms in the perturbation h ij appearing in our model. To carry this out, first we elevate the phase-space variables x j , p j to operators x j ,p j and impose the NC Heisenberg algebra. The NC operators are connected to the operators X i and P i satisfying the standard (θ = 0) Heisenberg algebra througĥ
Using this connection, the Hamiltonian in eq.(5) can be written in terms of the commutative variables upto second order in Γ aŝ
The above Hamiltonian in terms of the raising and lowering operator can be recast aŝ
where C.C. means complex conjugate. The raising and lowering operators in terms of the oscillator frequency ̟ is given by
We now write the Hamiltonian (8) into three parts aŝ
2h . The perturbed energy states incorporating the effect of the time independent perturbationĤ 2 was obtained in 42 . These read
with the the corresponding energy eigenvalues
Now we proceed to compute the transition probabilities between the ground state and the perturbed nondegenerate second excited states of the 2 − D harmonic oscillator using time dependent perturbation theory incorporating the second order correction in h. The probability amplitude of transition from an initial state |i to a final state |f , (i = f ), due to a perturbationV (t), to the lowest order of approximation in time dependent perturbation theory is given by
Using the above result, we observe that the probability of transition survives only between the ground state |0, 0 and the perturbed second excited states given by eq. (11) whereV (t ′ ) is given bŷ
Expanding out the above interaction term for j, k = 1, 2, we obtain the transition amplitude between the ground state |0, 0 and the perturbed second excited states to be
Eq. (15) is the main working formula in this paper. With this general formula (15), we shall compute the corresponding transition probabilities from the relation
At this stage, we would like to draw the attention to some interesting features about the second order terms in h on the results obtained in 42 . The above transition amplitudes (15) show that C 0→2 (1) and C 0→2 (2) do not contain contribution from the second order term in h. The second order contribution in h generates an additional transition between the ground state and the perturbed second excited state ψ 
III. TRANSITION PROBABILITIES FOR DIFFERENT TYPES OF GRAVITATIONAL WAVES
In this section we calculate the transition probabilities for different templates of gravitational wave-forms that are likely to be generated in runaway astronomical events. First we discuss the simplest scenario of periodic GW with linear polarization. This has the form
where the amplitude varies sinusoidally with a single frequency Ω. The transition probabilities in this case turn out to be
where ̟ + = ̟(1 + Λ) and ̟ − = ̟(1 − Λ). The restriction on the physical range of frequency (0 < ̟ < ∞) is imposed to drop the delta functions δ (2̟ + + Ω) and δ (2̟ − + Ω) that would appear in eq. (19) . The transition rates therefore take the form
where we have used the relation
Now looking at the expressions for A, B, C, D and the transition probabilities in eq.(s) (19) and (20), it is easy to see that the transition rates will be peaked around the frequencies Ω = 2̟ + and Ω = 2̟ − with an unequal strength. Further, transition probabilities induced by both the + and × polarizations of the GW are affected by spatial noncommutativity. In other words, the orientation of the GW source and the detector do not play a crucial role any more to detect the spatial NC effect. Besides these two resonant points already observed in 42 , there is another resonant point at Ω = ̟ which arises due to the second order term in h. This was absent in 42 . This is a crucial result in this paper. The second order term in h gives rise to the transition probability P 0→2 (0) . This is a purely gravity induced effect. It is also obvious from the expressions of A, B, C, D in eq. (16) that both linear and quadratic terms in the dimensionless NC parameter Λ will appear in the transition probabilities (19) . The characteristic NC parameter Λ, was estimated in 40 where the stringent upper-bound |θ| ≈ 4 × 10 −40 m 216 for spatial noncommutativity was used. For reference mass and frequency, the values appropriate for fundamental phonon modes of a bar detector 39 can be used. This gives
This is an interesting result since the estimated size of the characterestic NC parameter turns out to be of the order of unity in case of resonant bar detectors. This in turns gives the estimate for the characteristic NC frequency to be in the KHz range. From the entire discussion so far we find a very interesting feature that both the + and × polarizations includes the effects of the NC structure of space. Therefore the linearly polarized GW from a binary system with its orbital plane lying parallel or perpendicular to our line of sight can also be an effective test of the noncommutative structure of space. With these observations in place we now move on to compute the transition probabilities for circularly polarized GW. To proceed we take the simplest form of a periodic GW signal with circular polarization, which can be conveniently expressed as
with ε + (t) = cos Ωt and ε × (t) = sin Ωt and Ω is the frequency of the GW. The transition rates in this case become
From the above results, we observe that the characteristics of the transition rates for linearly polarized GW holds for circularly polarized GW signals as well upto first order in h. Thus circularly polarized GW from a binary system can also serve as a deterministic probe for spatial noncommutativity. However if we consider the effect of the second order term in h, the transition probability P 0→2 (0) is absent for circularly polarized GW which is clearly different from that for the linearly polarized GW. This interesting result can be used to determine the type of polarization of the GW source. Now we proceed to investigate the status of our system interacting with aperiodic GW signals, which are basically generated from GW bursts. GW bursts can be modelled by taking a simple choice as
containing both components of linear polarization. We further take a Gaussian form for the function g(t)
with τ g ∼ 1 fmax , where f max is the maximum value of a broad range continuum spectrum of frequency. Note that at t = 0, g (t) goes to unity. Now the Fourier decomposed modes of the GW burst can be written as
is the amplitude of the Fourier mode at frequency Ω.
The transition probabilities induced by a GW burst can now be computed and read
Lastly, we consider a modulated Gaussian function g(t) of the form
which represents a more realistic model of the GW burst signal. The Fourier transform this function reads
From this waveform, we get the transition amplitudes to be
The corresponding transition probabilities are
At low operating frequency of the detector, the two exponential terms in the transition amplitudes are almost equal and hence cancel. Therefore, the transition probabilities are reduced considerably. The other extreme is when 2̟ + − Ω 0 = ∆̟ + and 2̟ − − Ω 0 = ∆̟ − with 
IV. CONCLUSION
In this paper, we have extended our earlier calculations of the probabilities of transitions between the energy levels of a harmonic oscillator induced by gravitational waves in a spatial noncommutative framework including terms upto second order in h. We find that apart from the usual transition 42 , there is an additional transition between the ground state and the perturbed second excited states. The probabilities of the other transitions that were present earlier 42 remained unaffected by the inclusion of terms second order in h. An interesting result that we observe in our present investigation is that the additional transition probability observed in case of linearly polarized gravitational wave (due to the inclusion of second order terms in h in the Hamiltonian) is absent in case of circularly polarized gravitational wave. This result can in principle be used to determine the type of polarization of the gravitational wave source.
